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2 Yang-Mills Yang-Mills heat flow
$M$ , $G$ , $SO(N)$




$P$ $D$ , $F_{D}$ . ,
, $F_{D}=dD+D\wedge.D$ , $\mathfrak{g}$-valued2-form . , $P$
Yang-Mills $E(D)$ ,
$E(D)= \frac{1}{2}\int_{M}|FD|^{2}dV$
1117 1999 36-43 36
, Yang-Mills . , $E$ Euler-
Lagrange , Yang-Mills
$d_{D}^{*}F_{D}=0$ (2.1)
. , $d_{D}$ $D$ , $d_{D}^{*}$ $d_{D}$ $L^{2}$
. , (2.1) , $\mathrm{g}$-valued1-form
.
, , (2.1) .
. ,
, (2.1) ? .
2.2
$M$ $u:Marrow M$ , $M$ $f$ , $M$
$g$ $u^{*}g=e^{f}g$ $M$ . , $M$
.
, , $\dim M=2$ ,
. , Yang-Mills ,
$\dim M=4$ ,
$E(D)=E(u^{*}D)$
, . , $\dim M=4$ , Yang-Mills
, Yang-Mills . , Yang-Mills
Bochner-Weizenb\"ock formula , Sobolev critical dimension –
.
2.3 Yang-Mills heat flow
Yang-Mills heat flow ,
$\{$
$\frac{\partial D}{\partial t}=-d_{D}^{*}F_{D}$ ,
$D(0, x)=D_{0}$
(2.2)
, gradient flow Cauchy . , $D_{0}$
.
Theorem 2.1 (Main Theorem). $P$ , $S^{n}$ $G_{-P^{r\dot{\mathrm{V}}}}ncipa\iota$
bundle . , $n\geq 5$ , $\epsilon_{1}>0$ , $||F_{D_{\text{ }}}||L^{2}<\epsilon_{1}$
f Do ng-Mills heat flow (2.2)
.
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3
, Bourguignon-Lawson-Simons , Yang-
Mills heat flow . , $S^{n}(n\geq 5)$
, $P$ $S^{n}$ $G$-principal bundle . , ,
Yang-Mills heat flow .
Theorem 3.1 (Bourguignon-Lawson-Simons [1, 2]). $P$ $S^{n}(n\geq$
$5)$ G-principal bundle . $D$ $P$ Yang-Mills connection ,
$\epsilon_{0}>0$ , $E(D_{0})<\epsilon_{0}$ , $D$ .
, $P$ $G$-principal bundle , Yang-
Mills .
, .
Proposition 3.2. $\epsilon>0$ , $P$ , $E(D)<\epsilon$
.
Proof. $(r, \theta)(r\in[\mathrm{o},\pi),$ $\theta\in sn-1)$ $S^{n}$ polar coordinates . $S^{n}$









, $c>0$ , $E(D)\leq\epsilon$ .
Remark 3.3.
1. Proposition 3.2 $\phi_{\mathrm{c}}$ : $S^{n}arrow S^{n}$ . , $\dim M\geq$
$5$ , .
2. $\dim M=4$ , $E(D)$ $P$
. , .
, Yang-Mills heat flow .
Lemma 3.4 (Energy inequality). $D$ Yang-Mills heat flow ,
$\frac{d}{dt}E(D(t))=-\int_{M}|d_{D}^{*}F_{D}(t)|2dV$
.




$\frac{\partial}{\partial t}|F_{D}|^{2}-\triangle M|F_{D}|^{2}\leq C|F_{D}|^{2}+C|F_{D}|^{3}$ ,
$\frac{\partial}{\partial t}|F_{D}|-\triangle_{M}|F_{D}|\leq C|F_{D}|+C|F_{D}|^{2}$
. , $\mathrm{R}\mathrm{i}\mathrm{c}$ $M$ Ricci .
Bochner-Weizenb6ck formula $F_{D}$
. , Yang-Mills $\mathfrak{g}$
.
4
, $F_{D}$ $L^{2}$-norm mono-
tonicity formula . , $\rho$ $S^{n}$ , $\phi_{\rho}$ : $S^{n}arrow \mathbb{R}$ ,















. , $C_{1},$ $C_{2}>0$ ,
$\frac{d}{dR}(e^{c_{1}}\Psi R(R))\geq-C_{2}e^{C_{1}}E_{\mathit{0}}R$ .
, $e(t, x)=|F_{D}(t, x)|^{2},$ $\overline{e}(t)=\sup_{S}ne(t, X)$ . , .




Proof. Bochner-Weitezenb\"ock formula $\rfloor;\text{ }$ ,
$\partial_{t}e(t)\leq\Delta e(t)+Ce(t)3/2$
. , $e(t, x_{0})=\overline{e}(t)$ $x_{0}\in S^{n}$ , $\triangle e(t, X)\leq 0$
.







Lemma 4.3. $D$ Yang-Mills heat flow f $T$ $D$
.
$f$
$\sup\{\overline{e}(t) : t\in(0, T)\}=+\infty$
.
Proof. $T<+\infty$ , $t\in(0, T)$ , $\overline{e}(t)<C$
, $D$ $T$ .
$T=+\infty$ , $t\in(0, \infty)$ , $\overline{e}(t)<C$ ,
$\int_{0}^{\infty}\int_{S^{n}}|d_{D}^{*}F_{D}|^{2}dVdt\leq E_{0}$
. , $\{t_{i}\},$ $t_{i}arrow\infty$ , $||d^{*}FD(Dti)||L^{2}(sn)arrow 0$ .
$\overline{e}(t)\leq C$ Uhlenbeck [13] , $P<\infty$ , $D(t_{i})arrow D_{\infty}$ in $C^{0}\cap W^{1,p}$
, $D_{\infty}$ Yang-Mills . ,
$\int_{S^{n}}|F_{D_{\infty}}|^{2}dV\leq\int_{S^{n}}|F_{D}(t)|^{2}dV\leq E_{\mathit{0}}<\epsilon_{1}$
, Bourguignon-Lawson-Simons (Theorem 3.1) .
. $T$ , $\{t_{i}\},$ $t_{i}arrow T$
$\overline{e}(t_{i})arrow+\infty$ , $\overline{e}(t)\leq\overline{e}(t_{i})$ for $t\in(\mathrm{O}, t_{i})$




$F_{D_{i}}(t, x)=\lambda 2FiD(t_{i}+\lambda^{2}it,$ $\lambda_{i^{X)}}$ ,
, $t\in[-\lambda_{i}^{-2}ti, \delta],$ $x\in B_{\rho\lambda_{i}^{-1}}$ ,
$\frac{\partial D_{i}}{\partial t}=-d_{D_{i}}^{*}F_{D_{i}}$ on $[-\lambda_{i}-2\delta t_{i},]\cross B_{\rho\lambda^{-1}i}$ .
. , $D_{i}$ Lemma 42 ?
$|F_{D_{i}}(0,0)|2\lambda_{i}^{4}=|FD(ti,p_{i})|2\lambda 4\overline{e}(=it_{i})=1$ ,
$|F_{D_{i}}(t, x)|^{2}\leq 4.|F_{D_{i}}(0,0)|^{2}\leq 4$
$Q_{i}=[-\lambda_{i}^{-2}t_{i}, \delta]\cross B_{\rho\lambda_{i}^{-1}}$ . , $e_{i}(t, x)=|F_{D_{i}}(t, x)|^{2}$ ,
$\frac{\partial e_{i}}{\partial t}\leq\triangle_{i}e_{i}+\frac{C_{i}}{2}e^{3}i^{/2}$
41
. , $e_{i}<C$ ,
$\frac{\partial e_{i}}{\partial t}\leq\triangle_{i}e_{i}+C_{i}e_{i}$
, , $h_{i}=e^{-C}i{}^{t}e_{i}$ ,
$\frac{\partial h_{i}}{\partial t}\leq\triangle_{i}h_{i}$ (4.1)
. , (4.1) Moser [7] , $O_{i}.=(- \min\{\frac{\delta}{2}, \frac{\delta}{c_{i}}\}, \frac{\delta}{2})\cross$
$B_{1}$ ,
$1<h_{i}(0,0) \leq C(\frac{2}{\delta \mathrm{V}\mathrm{o}\mathrm{l}(B1)}\int_{\mathit{0}_{i}}h_{i}dV_{i}dt)^{1}/2$ ,
$1 \leq C_{1}\int_{\mathit{0}_{i}}|F_{D_{i}}|^{2}dV_{i}dt$
.
, monotonicity formula (Lemma 4.1) , $0<R \leq R_{0}=\min\{\rho, \sqrt{t_{0,i}}\}$ ,
$\Psi(R)\leq e^{c(R_{0}}-R)\Psi(R_{0})+C(e-)-c(R0R1)E_{0}$ ,
, $t_{0,i}=t_{i}+\lambda_{i}^{2}\delta$ ,
$\Psi(R_{0})\leq\frac{1}{2}R_{0}^{4-n}\int_{B_{\rho}}|F_{D}(t_{\mathit{0}},i-R2, X)\Psi^{2}dV\leq R_{0}^{4-n}E\mathit{0}\leq R_{0}^{4-n}\epsilon$
$\Psi(R)\leq e^{CR_{0}}\Psi(R_{0})+Ce^{CR}0_{\mathcal{E}}\leq\epsilon e^{cR_{0}}(R_{0^{-}}4n+C)$ , for $0<R\leq R_{0}$ ,
$\lambda_{i}^{4-n}\int_{B_{\lambda_{i}}}|F_{D}(t_{0,i}-R2, X)|^{2}dV\leq^{c}\Psi(R)\leq CR_{0^{-n}}^{4}\epsilon$




$1\leq CR_{0}^{4-n}\epsilon$ , $R_{0}= \min\{\rho, \sqrt{t_{0,i}}\}$ . (4.2)
.
, $\rho<\sqrt{t_{0,i}}$ , (4.2) ,
$\epsilon\geq C\rho^{n-4}$ .




. , $t0,i=ti+\lambda_{i}2\deltaarrow T(iarrow\infty)$ ,
$T\leq C\epsilon^{2/}(4-n)$
. , $T$ .
Remark 44. , $M$ $S^{n}$ , Bourguignon-
Lawson-Simons (Theorem 3.1) , (Propo-
sition 3.2) . , 2
, $S^{n}$ .
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